Witnessing quantifiers

Exercise 1. Let A be an L-sentence of the form

G1)(Vy1) - Ger) (Vyr) (B(@1, Y155 Ty Yi))-

Let M be an L-structure ({0, 1}-valued) and consider the two player game
played by the F-player and the V-player of the following form. The players
alternate in picking an element a; € M or b; € M to substitute for the quantifier
corresponding to their name. The 3-player tries to make the truth value of
B(ay,b1,...,ak,bg) equal to 1 and the V-player tries to make it 0.

Show that M = A if and only if the 3-player has a winning strategy.

Exercise 2. Let A be an L-sentence of the form

(Bz1)(Yy1) .. Gor) (Vyr) (B(T1, Y1, - -+, Thy Yi))-

For any L-closed family F' and consider the two player game played by the
J-player and the V-player of the following form. The players alternate in picking
an element «; € F or §; € F to substitute for the quantifier corresponding to
their name. The J-player tries to make the truth value of [B(a1,b1,...,ar,bx)]
as close to 1z as possible and the V-player tries to make it as close to Op as
possible.

Show that there is a language L, an L-closed F' and an L-sentence A such
that the 3-player does not have a strategy to ensure that

[B(ai, B, o, Bi)] = [Cx)(Yyr) - - For) (Yyr) (B(w1, Y1, - -+, Try Y&))]-

Remark 3. Assume that we can find witnesses aq,..., St € F such that

[[(Hxl)(vyl) e (ka)(vyk)(B(xlayh sy $k7yk77))]] = [[B(Oél, Bh e 704]675]%7)]]7
then we can calculate directly the value directly as
{(.d S Q7 B((Xl(W),Bl(UJ), ey ()[k(éd)7ﬁk(w>,’}/(w>)/}z

If we do not have such witnesses, the value may have nothing to do with

{we Q@) (Y1) - For) (Vyr) (B(21, 4155 2y Yk, 7 (W) /T

Propositional approximations of truth values

Exercise 4. Let A be an L-sentence and F be L-closed. Then there are
countably many oy € F, k € N, such that

[B2)B(x)] = \/ [Blax)].
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Exercise 5. Let A be an L-sentence of the form

G1)(Vy1) -« Ger) (Vyr) (B(21, Y155 Ty Yi))-

and F' be L-closed and let ¢ > 0 be standard. Then there is £ € N and elements
of I
Oéil, ilajl , ()éél’jl’i2, s ]ilvuajk’

with i1,...,4; < £ such that

d[ALN/ N\ -V N\ [Blag, 87, 8] < e
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